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Abstract

A version of the global Galerkin method applied to a wide range of hydrodynamic stability
problems is described. The numerical agorithm is based on a non-orthogonal set of globally
defined basis functions, which satisfy al linear boundary conditions and the continuity equation.
This leads to a significant reduction of the number of scalar degrees of freedom of the numerical
model. The relatively low number of degrees of freedom makes it possible to solve the eigenvalue
problem associated with the linear stability of flow, and to approximate asymptotically the slightly
supercritical flows that arise after the onset of instability. The main objective is the analysis of
stability of steady state flows which are calculated numerically. Details and advantages of the
proposed approach are illustrated on several examples.



1. INTRODUCTION

Consider a steady state flow obtained as a numerical solution of a time-dependent fluid
dynamics problem, which includes equations of momentum and continuity, together with transport
of heat and mass, chemical reactions, electrodynamics, etc. The flow is defined by severd
governing parameters (Reynolds number, Prandtl number, Schmidt number, etc.). Obviously, for
some parameter values this solution can be unstable or non-unique. There are two main ways to
study the stability of a numerically calculated steady state flow. The first and most common is the
straight-forward integration in time with a small perturbation added to the steady solution. The
second and more rigorous is the investigation of the stability properties by studying the spectrum of
the corresponding linearized problem. The first approach is usually so CPU-time consuming that it
becomes impossible to study the stability in a wide parameter range. Furthermore, the characteristic
time of the dominant perturbation of the problem (amplification increment, frequency of
oscillations) is not known a priori, which causes additional problems related to the correct choice of
the time step. The second approach leads to an eigenvalue problem whose size is equa to the
number of degrees of freedom of the numerical method. Usually, this size (equal to the number of
discretization elements multiplied by the number of unknown functions) is very large. For example,
a two-dimensional CFD problem, being solved on a 100" 100 grid, results in 30,000 degrees of
freedom. Solution of such problems became possible only recently. It requires the implementation
of Krylov subspace iteration methods [1] and ill leads to heavily CPU-time consuming
calculations.

An alternative approach was proposed in [2],[3] and is described here in some more detail.
The idea is to apply a global spectral approach and in this way to avoid the discretization of the
flow region. If the basis functions are chosen appropriately then the spectral convergence of the
corresponding Galerkin series will be reached and finally a lesser number of degrees of freedom
will be needed for the approximation of the solution. The global spectral methods, applied to the
Navier-Stokes and transport equations usually require a too large computer memory and for this
reason remained impractical for many years. Recently, however, the available computer memory
became rather large (e.g., more than 1 Gbyte memory is available for a personal workstation) and is
growing rapidly. Therefore, it becomes possible to apply the global spectral methods to complicated
fluid dynamic problems.

Clearly, the efficiency of a spectral method is determined by the choice of the basis
functions. It is very desirable to include the boundary conditions and possibly other properties of the



solution into a spectral series before the computational process starts (e.g., the incompressible
continuity equation can be solved by the use of a divergent-free basis). This can be done in the case
when the flow region is an arbitrary canonical domain, i.e., a domain whose borders are coordinate
surfaces, for an arbitrary set of linear boundary conditions. A possible way to define such basis and
several examples of scalar and vector sets of the basis functions are given in Section 2. Some details
of the numerical implementation, which includes the calculation of steady flows, study of their
stability and asymptotic approximation of supercritical flows are described in Section 3. Section 4
contains some examples of successful use of the described approach.

This paper was presented as a keynote lecture at the 8" International Symposium of
Computational Fluid Dynamics. Different variations of the described numerical approach and main
results are published in [2]-[10]. The main objective of the present paper is to give a complete and
systematic description of the numerical approach, which can be used for awide variety of problems.

2. BASISFUNCTIONS
2.1 BasisFunctions Satisfying Boundary Conditions.

Consider an arbitrary one-dimensional problem, defined in the interval xI [x1,X]. Assume
also that N boundary conditions of the problem are linear and homogeneous. These boundary

conditions can be represented as
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where u(x) is the unknown function, a,y are arbitrary coefficients, the superscript (I) denotes
derivatives, and x has the value of x; or X, (a negative value of | can be interpreted as the integral
from x; t0 xp). Suppose aso that the solution u belongs to a Banach space W, and a system of

functions {y n(x)}i=oT W forms abasisin W. We assume that this basis can be efficiently used to
approximate the unknown solution by a truncated series
M
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In the general case the functions y «(x) do not satisfy the boundary conditions (1) and specia care
should be taken to satisfy them (e.g. weak formulation, tau-spectral approach). Usually this slows
down the convergence. On the other hand, all functions satisfying (1) form a subspace U1 W.
Obviously, u(x)I U and one can expect that the use of a basis in U, instead of a basis in W, will

provide a faster convergence. To construct the basis in U from the more general basis

{y n(x)F¥_oT W, we consider linear superpositions of the functions y n(x)

N
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i.e., for N boundary conditions (1) we define the superpositions of N+ 1 basis functions y (x). Each
n-th superposition contains the functions y »+i(x) with the index varying from n to n+N. Substitution
of (3)in (1) yields(m= 1,23, ..., N):
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Relation (4) defines N linear homogeneous algebraic equations for the N+1 coefficients by;
(i=012, ..., N) for each fixed index n:
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To make this system definite one can assign the value b,y = 1 and obtain the other by (i = 1,2, ...,

N) from (5). This will provide a unique solution for all coefficients by if the boundary conditions

(1) are independent. The functions j ,(x) defined in this way satisfy the boundary conditions (1). It

is easy to prove that the system {J n}ﬁon U I W forms abasisin the subspace U. The coefficients

b, should be obtained analytically, as functions of the indices n and i, before the computational
process starts (examples for some particular boundary conditions are given below). This can be
easily done with the help of computer agebra. The unknown solution u(x) can be now
approximated as

K
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The truncated series (6) satisfies the boundary conditions (1) analytically for any truncation number
K. The functions j »(X) can be used as trial functions for a general weighted residuas method. In
case of the classical Galerkin method the weight functions coincide with j (). In the most general
case Y n(X) should be used as the weight functions. However, if the residual satisfies some linear
homogeneous boundary conditions, a ssimilar procedure can be used to make the projection on the
corresponding subspace and to choose the weight functions which satisfy the boundary conditions.

Note, that the described procedure does not preserve orthogonality of the initia basis
functionsy n(X), in the case when these were orthogonal. The functions j (x) can be orthogonalized,
if necessary, using the Gram-Schmidt orthogonalization procedure. However for non-linear
problems, when the evaluation of non-linear terms requires the largest computational effort, the
orthogonality of basis functionsis not very helpful.

We assume that the series (6) will converge faster (at least not slower) in the subspace U
than the series (2) converges in the larger functional space W. However, this statement cannot be
proved for a general case. The convergence must be carefully checked for each particular problem,
asitwasdonein [2],[3],[8].

The process of constructing the basis is defined here only for the homogeneous boundary
conditions (1). Furthermore, only in case of homogeneity the series (6) will satisfy the same
boundary conditions. Therefore, we suppose that all inhomogeneities were removed by an
appropriate change of variables, and the numerical process starts only after the boundary conditions
were made homogeneous. Examples of such changes of the variables can be found in [2],[3],[9].

In the case of a multi-dimensional problem, defined in any orthogonal coordinates, the same
procedure can be applied along each coordinate direction (see examples below). The only restriction
is the shape of the domain, which has to be canonical, i.e., the boundaries of the domain must
coincide with the coordinate surfaces. This restriction is rather strong and probably cannot be
removed without some extension of the described approach beyond the classical Galerkin

formulation (e.g., subdomain collocation, domain decomposition techniques, spectral element
approach).



2.2 Examples of Basis Functions Based on Chebyshev Polynomials

To construct basis functions for different boundary value problems we shall use the shifted
Chebyshev polynomials of the first and second kind defined in the interval xi [0,1]

sin[(n +1)arccos(2x - 1)

T,(x) = cognarccos(2x - 1)], Un(x) = sin[arccos(2x - 1)]

(7)

The two systems {T,} and {U,} form bases in L,[0,1]. To define bases for different boundary

conditions we need values of the polynomials and their derivatives at the ends of the interval:

T(0)=(- 1", Th(1)=1, ®
Un(0)=(- 2)"(n+1), Up(t)=n+1 9
T40) = (- 1)"2n?, T(1) = 2n, (10)
U§0)=(- 2" nln+1n+2)/3,  Ug@)=n(n+1)n+2)/3 (11)

and arelation connecting both systems of polynomials:
T§(x) = 2n+2un.1(x) (12)

221 Two-point boundary value problem
Consider a two-point boundary value problem with the boundary conditions defined as

aou(0) +bou(0)=0, au(1)+byu(1) =0 (13)
where ag, bg, a;, and by are known coefficients. We approximate the unknown function u(x) as a
series
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To define the coefficients filand fiz, we substitute (14) into the boundary conditions (13). This

yields two linear algebraic equations for filand fi2:

fli[- agli +1)? - bo] + fzi[ao(i +2)? +bo]=- agi’ - by
(15)

fli[al(i +1)? +b1]+ fzi[al(i +2)? +b1] =-a;i’-b;



These eguations can be solved analytically, yielding:
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Similar linear combinations of the Chebyshev polynomials were used in [11] for the solution of the

one-dimensional Orr-Sommerfeld equation.

2.2.2 Basisfunctionsfor Poisson equation in cube

Consider the Poisson equation
2 2 2
l ;+‘H ;+‘H lzJ
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=q(x,y.2) (18)

inthecube O £ x,y,Z£ 1. To describe different possibilities let us define boundary conditions of the

first, second and third type in the x-, y- and z- directions respectively:

— — flu Tu  _
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To construct the basis for u(x,y,2) one should consider two-point boundary value problems in each
direction separately and use egs.(14,16,17) to construct basis functions in each direction. Then the
one-dimensional basis functions should be combined into the three-dimensional ones. Thisyields:

N
ux,y.z)»a a aadi(x)f(yly«(z (23)
i=0 j=0 k=0
where
ii(x)=Ti(x)- Tisa(x) (26)
j2
fj(y):Tj y)- WTﬁZ(Y) (27)
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The solution of the problem (18)-(22) can be carried out by the classical Galerkin method if the
functions (26)-(28) will be used as both trial and weight systems. Otherwise, for a general weighted
residuals method, the weight system can be defined in asimilar way.

2.2.3 Basisfunctionsfor atwo-dimensional diver gence-free vector field in Cartesian coor dinates

The usua unknown functions in incompressible fluid dynamics are divergence-free vector
fields. For an efficient application of a spectral method, we need a system of divergent-free basis
functions that satisfy the boundary conditions. To derive such a system we first define a basisin a
general space of divergence-free vector fields, and then apply the described procedure to satisfy the
boundary conditions.

Recalling that both systems of Chebyshev polynomials {T

n

} and {U,} form bases in the

space of scalar functions, and using the property (12), we define:
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It can be shown that, according to (12), the two-dimensional divergence of all functions wj;

vanishes:

dx 2] dy (31)



Since both systems {T.} and {U,} form scalar bases, each component of w; is represented as a
linear superposition of the scalar basis functions. Therefore, the vector functions (29),(30) form a
basis in the space of divergent-free vector fields.

In the case of a problem in a two-dimensional rectangle O£ X£ A, O£y £ 1 we have to
satisfy 8 boundary conditions, i.e., one boundary condition for each component of the velocity field
on each boundary, or 4 boundary conditions in each direction. According to the described
procedure, we define a product of two linear superpositions of functions in the x- and y- directions,
consisting of 5 (i.e., 4+1) scalar basis functions each:

4 N

T EX S b
T 0

mazo( ) |+mQ qa bjjU 4 1(y)

A
2
uij(X,y) =

bj
j+1

X0

u

|

! (32)
4 |
a2 '

i
T
i
1
g
- a amYji+m- 1QA )TJ+| (y)::
t m=0 b
Similarly to (31) one can show that N xUjj =0. The coefficients aim and by should be chosen to
satisfy the boundary conditions. For example, the boundary conditions defined for the velocity field
vin[6] are

ﬂV(X)
y

=VWH =0 (33)

V|x:0 :V|x:A :V|y:O =0, y=1

Substitution of (32) into (33) and the analytical solution of the corresponding system of linear
algebraic equations lead to the following coefficients a, and by:
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224 Basisfunctionsfor a three-dimensional divergence-free vector field in Cartesian coordinates

To approximate a three-dimensional divergent-free velocity field v it is necessary to define
two independent systems of basis functions similar to (32). It follows from

Uy = ﬂv(x) N ﬂV(Y) N .”V(z)

N =0 (36)
x Ty 1z
that v can be represented as
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The two terms on the right hand side of (37) can be interpreted as the projections of the field v on
the xy- (y=const) and xz- (x=const) planes respectively. Therefore, to represent the three-
dimensional divergent-free vector field as a Gaerkin series, it is necessary to define two
independent sets of basis functions which will allow to approximate the projections of the velocity
on these planes. The velocity v is approximated as
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=0

i=0j=

oZ

z

Ci(j)k()wi(J')li)(X’y’z)+Ci(jl></)wi(j)k/)(x’y,z) (38)

1

0k=0

where ci(j’k() and Cl(j|¥ ) are unknown (possibly, time-dependent) coefficients, and wi(j’li) and wi(jf(’)
are the basis functions in the planes x=const and y=const respectively. For a three-dimensional
rectangular region 0 £ Xx£ A, OEy £ A, O £ z£ 1 these functions can be defined as

10
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Similarly to the two-dimensional case, we need the superposition of five polynomials in each spatial
direction. The substitution of (39,40) in the boundary conditions defines a set of linear equations for

the coefficients ﬁa, fia’ gjb’ gjb’ ﬁkg! F\kg .

225 Basisfunctionsfor a three-dimensional divergence-free vector field in cylindrical coordinates

Obvioudly, in the case of a curvilinear system of coordinates the divergent-free basis functions
must be defined in a different way. In the following we describe the basis functions for the
cylindrical coordinates, which were successfully used in [3], [4], and [9].

Consider a problem defined in a cylinder, O£Er£1, O0£z£A, O£)] £2p. Using the 2p-
periodicity in the j -direction, the solution can be expressed as a classical trigonometric Fourier
series

k=¥

v= & vi(r.z)exp(ik ) (42)
k=-¥

It follows from the divergence-free requirement

Ry = avlr) . V() L1 ﬂV-(j ) . (@ _ (") N v Lk ), (@
qr r r v 9z qr r r 9z

=0 (42)
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that one has to distinguish between the mode k= 0 (i.e., axisymmetric case, no requirements on

v(j )) and the modes k1 0. In other words, the axisymmetric part of the flow (k = 0) must be treated
separately from the purely non-axisymmetric part (k* 0). Thusthe field v should be represented as

My M, k=¥ :Nr N, u
v=& & AU+ a i é é B/ V”(r z)+C W (r2) yexp(lkj)
1=1]=1 k=-¥li=1j=1 b

where the vector functions Uj; form the basis of the axisymmetric part (k=0) of the 3D flow in the
(r,2 plane, the vector functions Vj; and W;; form bases for the remaining part of the three-

dimensional flow in the (r-j ) and (zj ) coordinate surfaces respectively, and A;, Bf and Cfare
unknown coefficients. Similarly to the bases in the Cartesian coordinates, the components of basis

functions, that are normal to the corresponding coordinate surfaces vanish: U, (J V, J vv”(r) =0.

The scalar components of the basis functions Uj;, V;; and W;; are defined on the basis of the

Chebyshev polynomials as:
f 0 amal) 4 oo
° —a T+ lr) a +m-12—
& 21=0 m=0 1 SAQ i
€ u
Ujj =€ 0 u
€ u
é Y
= 4 4 bj &, 0
& 2y ayliy.q(r) & I Tj+mS 4
é N, . +{
g 21=0 =0 em) AT
(44)
e 4 4 28, QU
& ik® & Ty (r) & djmTj+m&—_U
g = m= 8Add
¢ 4 4 2,6 U
VIJ Zg E C||U|+I (r)mé; djmTJ.'.mé_: 3 (45)
8 AB g
é u
é u
é 0
é a
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Herea=0for |k|=1and a=1 for |k|>1, and

Un(r)=Tnsa(r)+(n+2)rUn(r),  On(r)=(a+Dr2Ty(r)+2nr2 Aup_4(r) (47)

The coefficients ajj, bjm, Cii, dim, €1, fjm are used to satisfy all the boundary conditions. As previoudly,
€q.(42) follows from the relation (12).

2.2.6 Application to the Navier-Stokes and transport equations

Consider an incompressible flow defined by the equations of momentum and continuity, as well as

by the transport of a scalar property g (e.g., q is the temperature):

1

%-F(VW)V:-Np-FEeDV-Ff (481)
Ns>v=0 (48.2)

Tg N R

Bl N)g=— 48.

g )= 5 Da+q (48.3)

where v is the fluid velocity, p is pressure, f is volume force, g is a volume source of g, and Re and
Pe are the Reynolds and Peclet number.
The use of the global spectral approach gives some additional advantages. When there is no flow

through the boundaries of the flow region (v ><n|G =0) the pressure gradient is orthogona to the

divergence-free velocity field (Wisthe flow region and Gis its boundary):

(v,Np) = ¢y *Np dw= N x{vp) dw- (pRxv dw= fixvp) dw= ¢y dG=0  (49)
w W W W G
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Obvioudly, (49) holds if v is replaced by a divergent-free basis function satisfying the no-through
flow boundary conditions, i.e, a basis function from (39), (40) or (44)-(46). Therefore, the
implementation of a weighted residuals method with a proper projection system excludes the
pressure from the numerical model.

We further assume that the velocity is approximated by a series

N
v=a Xit) i) (50)
i=0

Here r is the radius-vector of a point in the flow region, X(t) are unknown time-dependent
coefficients and j ; are the basis functions. It is supposed that the multiple indices of decompositions
like (38) and (43) are reordered into a single index i (for details see [2],[3]). Suppose aso that the
classical Galerkin method is applied i.e, {j ;} serves as both the trial and the weight system. Then

the Galerkin procedure reduces (48) to an ODE system, which can be written as

SRGE] dﬁ't(t) =R (X(E)m = 05X +NijeX X +Q (51)

~

The matrices Ei Nijk (3, contain coefficients of linear, bilinear and free terms of (48), respectively.

i
It is assumed that these matrices depend on a control parameter m(m= Re in case of €q.(48.1)). The
ODE system (51) corresponds to the case of a parabolic polynomia non-linearity of the considered
problem. In the case of polynomia non-linearity of higher degree there will be additional terms
described by matrices of higher dimension. In the case of non-polynomial non-linearity the
additional terms will contain more complicated functions of X;. However, this will cause only
technical changes in the implementation of the method described below.

The use of the divergent-free basis functions, which satisfy the boundary conditions lead to

several definite properties of the matricesin (51). Thus, the conservation laws
(v>N)v,v)=0 and ((v>N)g,q) =0 (52)
lead to the relation
Ny X X; X, =0 (53)
for any vector X. The well-known Green’s theorems

(Dv,v)=-(N" v,N" v) and (Dg,q) = - (Ng,Ng) (54)

14



lead to the symmetry of the matrices corresponding to the projections of the Laplacian operators.
Furthermore, these matrices are negatively defined like the Laplacian operators. The described
properties, especially (53), can be used as preliminary tests in the programming of the method.

The Gram matrix S :<j i j> 1| (I is the identity matrix) arises because the basis functions

are not orthonormal. Multiplication of the left and the right hand sides of (51) by the inverse matrix

Sj ! reducesthe dynamical system to the following explicit form:
. _aX(t) _
Xi= = R (X()m) = Lij X+ NijeX X +Q (55)

The calculation of the inverse matrix 5 i 1 usually does not cause any numerical difficulties. The

explicit form of the ODE system (55) allows one to use standard numerical methods, developed for
ODEs and systems of non-linear algebraic equations, to obtain stationary and non-stationary
solutions and for the investigation of the stability of these solutions. For example, a steady solution
of (55) can be calculated by Newton iteration. In the case of multiple solutions the arc-length
continuation technique can be implemented to follow a certain solution path.

Assume that X = X° is a steady solution of (55). The linear stability of solution X° is defined by
the eigenvalues of the Jacobian matrix

™Xm _

Ik =

0
= tmk +(Nmkn + I\lmnk)xn (56)
Xk

The steady solution X = X° is unstable if there exists at least one eigenvalue of Jn with a
positive real part. The study of stability requires to determine a value of the governing parameter m
such that the rea part of the dominant eigenvalue (eigenvalue with the maximal real part)
L=L"+iL'iszero: L"=0and L'/ fm* 0. If L' = 0 then a bifurcation from one steady solution
to another can be expected. If L' 0 then a bifurcation to a periodic solution (Hopf bifurcation)
takes place. In the latter case W = L' estimates the circular frequency of the oscillatory solution
which branches from the steady state after the onset of the oscillatory instability. The most unstable
perturbation of the dynamical system (55) is defined by the eigenvector V corresponding to the
dominant eigenvalue L with L' =0 (JuVi = L V= iL'Vy). Components of the eigenvector V,
redefined as the coefficients X; from (50), define the expansion of the most unstable perturbation of
the flow in the Galerkin series (50). Similarly, the limit cycle of the dynamical system (55), which

15



develops as a result of Hopf bifurcation, defines an approximation of the periodic solution of the
considered problem.

The computational process should be arranged in the following way: first, for an initial value of
the control parameter nf a stationary solution of ODE system (55) is caculated; then the
eigenvalues of the Jacobian matrix (56) are computed (in [2]-[10] the QR decomposition algorithm
was used). These two steps are repeated for the next value of the control parameter nt > nf. Then
the real part of the dominant eigenvalue L' is considered as a function of m and the critical value is
calculated as a solution of the equation L'(m;) =0 (in [2]-[10] it was solved by the secant method).
If aa mFm, a Hopf bifurcation takes place then the branching oscillatory state may be
asymptotically approximated as[12]

m=m, + n‘le2 + O(e4) (57.1)
t(m) = Vi—p [1+ t1e2 + O(e4)] (57.2)
cr
X(t;m) = X°(my, )+ eReal SV expge?p' (& o( ) (57.3)

Here e is a formal positive parameter, (m my) is the supercriticality, W is the critical circular
frequency, t is the period of oscillations, and X is the asymptotic oscillatory solution of the ODE
system (55) for the control parameter defined in (57a). The asymptotic expansion (57) is defined by
two parameters m and t 1, which are calculated using the algorithm of [12]. This agorithm, as well
as its implementation for the described dynamical system, is briefly described below. The
parameters m and t; are defined by

m =- Realr(s)’ tl:_i[lm(s)+n1ai] (58)

a
Wer

where a is the derivative of the dominant eigenvalue with respect to the control parameter

aza +al =3 (59)
M,

and the complex number s can be obtained via the following algorithm (here F is the right hand
side of the dynamica system, X° is steady solution in the critical point, U and V are the left and

right eigenvectors of the Jacobian matrix J, and Vis a complex number):

16



2 1, 20

- 5\902\ f (60)
g20 = 2U fp0, Joz = 2U Ty, g1g =2U 'fy (61)

I . I .
fog = —= FIX” + Real (VV); m, , f11 = ——FIX° + Real (VV);m, (62)

v V=0 V=0
3
| { 2UTF[XO + Real (vv+ Woo\P + wllw} rrbr] } (63)
Wal \=0

and the vectors wi1 and wyo are solutions of the following linear algebraic systems:

Wy, =-hy, [I- 2Wl]wy =-hy, b, = [l -2 ReaJ(VUT)]fij. (64)

The most difficult part of the implementation of this agorithm is the calculation of the second (62)
and the third (63) derivatives of the right hand side of the ODE system. The number of the ODEs
usually reaches several thousands and numerical differentiation can lead to unacceptably large
errors. However, the explicit form of (55) allows analytical calculation of (62) and (63). In the case
of parabolic non-linearity thisyields:

fZOk__A N,(IJ@/(W(” Vm\,(l)) +iNg @,(r)v(l) Vm\,(r))

u
: (65)
o
1 o
1 =EI\Ikij(vi(r)vj(r) +Vi(|)vj(l)) (66)
L _
Go1 =§Ui( Nijm + Nimj) [ 2W11,iVim +W20,J'Vm] (©7

The use of (65)-(67) allows one to compute the asymptotic expansions (57) without significant loss
of accuracy. The CPU-time requirements for such calculations are comparable with the calculation
of asingle steady state solution. Note, that the sign of m defines whether the bifurcation is sub- or

super-critical.
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3 EXAMPLESOF APPLICATIONS

As was stated above, the main goal of the described approach is to reduce the number of degrees
of freedom of the numerical model. Several benchmark problems were solved to validate the
approach and to study the convergence. Furthermore, we made detailed comparisons with the
results of our own finite volume solver. Details on various test calculations can be found in [2]-[8].
The accumulated experience shows that our approach really allows one to reduce the number of
degrees of freedom. We estimate that the accuracy of 100" 100 to 200" 200 finite volume grid can
be reached with the use of 30" 30to 40" 40 basis functions of the global Galerkin method. Such a
significant reduction of the number of degrees of freedom allowed us to perform parametric studies
of linear stability of various fluid flows.

The main result of each stability study is diagrams showing the dependence of critical
parameters on other governing parameters of the problem. Two examples are shown in Figs.1 and 2.
Figure 1 corresponds to the onset of the oscillatory instability of convective flow in a laterally
heated square cavity (details can be found in [8]). It is seen that the neutral curve Gr(Pr) is non-
monotonous and contains breaks and hysteresis loops. Clearly, such a complicated neutral curve
cannot be obtained by a straight-forward time-integration of the governing equations. The change of
the pattern of the convective flow along the neutral curveisillustrated as insets in Fig.1la. Each inset
in Fig.1a contains the streamlines (left frame) and the isotherms (right frame) at the critical point
shown. Breaks of the neutral curve Grq(Pr) correspond to the change of the most dangerous
perturbation (described by the eigenvector of the linear stability problem) of the flow. Each break of
the neutral curve Gr(Pr) is followed by an abrupt change of the critical frequency (different
eigenvectors correspond to different eigenvalues whose imaginary part is the critical circular
frequency, see above). Patterns of the most dangerous perturbation are illustrated in the insets of
Fig.1b (left frames correspond to perturbation of the stream function, right frames — to perturbation
of the temperature). According to the linear stability theory the perturbations are defined to within
multiplication by a constant, and their isolines coincide with the isolines of the amplitude of
oscillations in the supercritical state (for details see [2] and [3]). Note, that the stability diagram,
shown in Fig.1, is drawn through several tens of calculated critical points. Sometimes it is necessary
to calculate several hundreds of critical points to complete the stability diagrams [4], [8]. Especialy
difficult are cases where multiple stable steady states exist, and the stability of each branch of
steady state has to be studied separately [8]. It should be noted, that the knowledge of the existence
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of the multiplicity and possibility of path-following (both provided by the described approach)
allowed us to explain some experimental results which had no satisfactory theoretical explanation
before [7],[8].

The abrupt changes of the most dangerous perturbation were observed in all parametric studies
reported in [3]-[10]. Figure 2, corresponding to the oscillatory instability of a swirling flow in a
cylinder whose top and bottom corotate with the same angular velocity [5], provides an additional
example of such abrupt changes. Patterns of the flow are included as insets in Fig.2a (left frame —
isolines of the azimuthal velocity, right frames — streamlines of the meridional flow). Patterns of the
corresponding most dangerous perturbation are shown as insets in Fig.2b (left frame — perturbation
of the azimutha velocity, right frames — perturbation of the meridional stream function). All the
insets show only the upper half of a cylinder, since the flow and the perturbation are symmetric with
respect to the midplane. The patterns of the flow are similar for all aspect ratios, and can be
characterized by two strong meridional vortices and a weak recirculation zone containing a double
vortex ring. Patterns of the perturbation, however, differ at different branches of the neutral curves.
On the other hand, different perturbation patterns have one common feature — a global maximum of
the azimuthal velocity perturbation is located in the middie of the recirculation zone. Therefore, it
can be assumed that in all cases the instability sets in inside the recirculation zone, but results in
different oscillatory flow patterns at different values of the aspect ratio.

An example of the asymptotic approximation of the oscillatory solution (57) is shown in Fig.3.
Supercritical oscillatory convective flow in a laterally heated cavity is considered [7]. Here the
asymptotic approximation of oscillatory convective flow, calculated with 30" 30 basis functions, is
compared with the solution of the full unsteady problem on a 100" 100 finite volume grid. It is seen
that results are very close, such that no heavy time-dependent calculations are needed to obtain the
correct pattern of oscillatory solution at not very large supercriticalities.

Another advantage of the global spectral approach is the analytical representation of the
approximate solution over the whole domain. This alows an easy analytica calculation of
derivatives and integrals of the solution, as was done in [2] for the calculation of the Nusselt
number, and in [3] for the calculation of vorticity. This advantage is illustrated aso in the next
example (Fig.4), where the trajectories of tracers, immersed in aliquid for visualization of the flow,
are calculated using the velocity approximated by series (50) and therefore defined at each point of
the flow region. For the considered problem of the swirling flow in a cylinder with rotating lid [3]

the latter requires solution of the following ODE system:
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dt cent

d _

‘ é =)+ £, (68)
d_f = V(Z) + fb

where feent, foor @and fp, are the centrifugal, Coriolis and buoyancy forces respectively, which arise due
to a dight difference of the liquid and tracer densities. Solution of (68) requires the calculation of
the velocity at an arbitrary point (r,j ,z2) and is extremely sensitive to numerical errors. The
analytical approximation, provided by a global spectral method, allows one to calculate the velocity
as a summation of the corresponding series, without introducing an additional numerical error. The
trgjectories shown in Fig.3 are calculated using the steady axisymmetric velocity field. The non-
axisymmetric pattern of the tragjectories is caused by the already mentioned density difference (2%
difference is enough to cause this effect). Such non-axisymmetric trajectories, observed in
experiment, were mistakenly interpreted as the result of a non-axisymmetric flow [13].

4 CONCLUDING REMARKS

The proposed approach was used for the study of stability of swirling flows [3]-[5], buoyancy-
driven convection [6]-[8],[10], and axisymmetry-breaking bifurcations of convective flows [9]. In
all these problems fast convergence of the Galerkin method allowed us to complete the stability
analysis for wide ranges of the governing parameters. The stability diagrams obtained show regions
of stability and possible multiplicity of steady state solutions. A relatively small number of degrees
of freedom alowed us also to perform a weakly nonlinear analysis of dlightly supercritical
oscillatory states and to obtain the asymptotic approximation of the oscillatory states without
solution of the full unsteady problem [3],[6],[7]. The approach was easily extended for the study of
axisymmetry-breaking three-dimensional instabilities [9] and to fully three-dimensional stability
problems [10].

The main restriction of the described approach is that the shape of the flow region should be a
canonical domain. Apparently, an extension to flow regions of more complicated shape should
include a transformation of the domain or combination of the described approach with the finite
element or spectral element formulation. It can cause some additional numerical difficulties
connected with the calculation of the inner products of the basis functions. The inner products of the
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polynomial basis functions in [2]-[10] were calculated analytically. In the case of more complicated
flow regions this will be hardly possible. On the other hand, recent results of [14] (where a similar
Galerkin approach was used) show that numerical evaluation of the inner products also can lead to

sufficiently good results.
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FIGURE CAPTIONS

Fig.1. Convection in alaterally heated square cavity. Dependence of the critical Grashof number (@)
and the critical circular frequency (b) on the Prandtl number. Insets. streamlines and
isotherms at critical points (a); isolines of perturbations of the stream function and the
temperature (b).

Fig.2. Swirling flow in a cylinder with corotating top and bottom. Dependence of the critical
Reynolds number (a) and the critical circular frequency (b) on the aspect ratio. Insets:
streamlines and isolines of the azimuthal velocity at critical points (a); isolines of
perturbations of the stream function and the azimuthal velocity (b).

Fig.3. Convection in alaterally heated square cavity. Instantaneous streamlines of a convective flow
plotted for equal time intervals covering the complete period. Pr = 0, Gr = 4.5 10° (for
details see [7]). Left frames — asymptotic approximation (57) using 30" 30 basis functions,
right frames — time-dependent calculation using 100" 100 finite volume grid.

Fig.4. Swirling flow in a cylinder with rotating lid. Trajectories of visualization tracers crossing the

planej =0,p. Calculation is based on steady axisymmetric solution obtained with 30" 30

basis functions.
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t=T/5

t=2T/5

t=3T/5

t=4T/5

Fig.3. Convection in a laterally heted cavity. Instantenous streamlines plotted for equal time intervals covering the
complete period. Pr=0, A=1.4, Gr=450,000 (for details see [7]). Left frames - asymptotic approximation (57)
using 30x30 basis functions, right frames - time-dependent calculation using 100x100 finite volume grid.

24



1.5

1.2

0.9

0.6

0.3

..[ S,
.:-.hp;.r.-.,,-..uu- Ll

0.

Fig.4. Flow in a cylinder with rotating lid. Trajectories of visualization tracers crossing the plane ¢=0,r.
Calculation is based on the steady axisymmetric solution obtained with 30x30 basis functions.

25



